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I. ABSTRACT

This lecture invites participants on a conceptual journey through probabilistic inference and latent
variable modeling. We begin with the classical framework of Maximum Likelihood Estimation (MLE),
the foundational pillar for parameter estimation in probabilistic models. Building on this, we revisit the
Expectation-Maximization (EM) algorithm, a powerful iterative method for dealing with hidden data,
highlighting its elegance and limitations in high-dimensional and complex systems. Our journey continues
into the modern era of deep generative models with Variational Autoencoders (VAEs), where we explore
how the principles of the EM naturally evolve within a variational inference framework. Special attention
will be given to how VAEs approximate intractable posterior distributions and how this connects back to
the EM philosophy. Throughout the lecture, applications in signal, image processing and machine learning

will be considered.

II. A BRIEF REMINDER OF THE MLE/MAP

Let us denote the observation by y € RP*! (the case of discrete or categorial observation can be
deduced easily) and the true (unknown) probability function of the observation by p*(.). We assume that
the data-generating process can be approximated by p(.|@) in which @ € © is an unknown parameter.
The learning task consist in the finding 6 that leads to the smallest distance between p(.|@) and p*(.).

In the case of observations that can be decomposed in covariates, y(!) € RP1*! and predictors y(?)

RP2*1 with p = p; + po, the data-generating model can be conditional or joint model. Specifically,

o Discriminative models use the conditional model p(y®|y",0) = p(y|6) (e.g., classification,
regression, ect.)

o Generative model use the joint model p(y(l), y(2)|0) (e.g., Bayesian estimation, ect.)

In the following, we consider mainly the joint distribution, nevertheless, the adaptation to the conditional

distribution is (in most cases) straightforward.

A. Definitions

A naturel way to find @ is the Maximum Likelihood Estimator (MLE). The goal of the MLE is to find

the optimal way to fit a distribution to the data, i.e., find

O\viLg = arg rgleaé(p(y\e) (D
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Due to the monotonically increasing function of the log, it is common to maximize the log-likelihood.
This allows some simplification in the numerical determination of the MLE as well leads to simplification

of the study of the properties of the estimator. The latter reads

O = 1 0 2
MLE = arg féleaé( og p(y|6) @)
under independence assumption:

Ouip = arg maxlogp(y|9) = arg max ; log p(y:(6) 3)

By the nature of the objective function, the MLE is the estimator which makes the observed data most
likely to occur. In other words, the MLE is the best rationalization of what we observed.

Before employing the MLE, it is necessary to check whether the data-generating process is sufficiently
informative about the parameters of the model and that global identification is verified, namely, V8; € ©

and V6, € © with 6, # 65 implies that

Yyl p(yl61) # p(yl02)

In the case of having a prior knowledge regarding the parameters, or in order to avoid singularities of the
log-likelihood function (e.g., this a common scenario when learning a larger number of mixtures compared
to the available data), we can make use of (or impose) some prior information. This is straightforwardly

done by the MAP (maximum a posteriori) which reads as
Oumap = argmaxlog p(6ly) = arg max(log p(y|0) + log p(6)) O]

B. Link with the KLD

The MLE can be seen as the solution of the Kullback-Leilbler divergence (KLD). Specifically, The
KLD between two distributions writes
p(y) p(y)
KLD(p(y)llq(y)) = Ey~ {log}z/pylogdy &)
PW)lla(y) = Ey~py) a(v) (y) o)
with KLD(p(y)l¢(y)) # KLD(q(y)[lp(y)). KLD(p(y)ll¢(y)) = 0 and KLD(p(y)ll¢(y)) = 0 <
p(y) = q(y).
Given a training set {y;},, with y; ~ p*(y), it can be seen that the MLE minimizes the KLD:
0g 2 (y) }
p(yl6)

éKLD = argmin KLD(p* (y)||p(y|0)) = argmin Eyp(y) {1
0co 0co

1 -
= argmaxEy .+ (y) [log p(y[0)] ~ argmax — Z log p(y:|0) = OmLE.
0co oco N
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Example 2.1: [MLE of mean and covariance matrix in multivariate Gaussian observations.]|

Let {y;}, be a set of independent and identically distributed (i.i.d.) observations with
yi ~ N(p, %) (6)

where y; € RP, p € RP, and ¥ € RP*P is a symmetric positive-definite matrix. The probability density

function of y; reads

1 1 -
p(yilp, B) = W €xp (‘2(% —n)"'S (i - H)) :

Since the observations are independent, the log likelihood, ¢(p,X), reduces to

n

. n 1 B
U, ) =D logplyss . B) o —5 log 8] = o D (yi — ) "= i — ).
=1 i=1

To find the MLE of u, take the derivative of ¢(u, ) with respect to p
86(/"’7 E) —1 &
—5— =X Yi — ).
o

Setting this derivative to zero:
1 n
L1 ) 7
o= ; y @
Plugging (7) in (6) and taking the derivative of £(p,3) with respect to X reads

ol(f, X) N1, 1 - -1 - AT g—1
— L =—=% - b P — P — b))

55 52 T3 ;:1 (yi — )(yi — )
Setting this to zero

B= D -y ) ®)

S|

O

Unfortunately, the MLE can be always found in closed form expression as in Example 2.1 as shown
in the next toy example.

Example 2.2: (Learning an optimal mixture of fixed models]

We consider here the learning problem of an optimal combination of arbitrary known models. Let us
suppose that we observe y = [y1,...,y,]|T that might be generated using k models (pi,...,px). In

addition, we suppose that the observation are i.i.d. from a combination of these k£ models, such that

k
p(yil0) = 0;p;(wi) ©)
j=1
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in which Z§=1 f; =1 and 6; € [0,1], V4. Our aim is to learn (estimate) the most likely combination
0 = [01,...,0,]" of models to characterize the observed data y.

In this case, the maximum likelihood reads
n k
0= arggﬂaleogzejpj(yj) (10)
i=1 j=1

It can be seen from (10) that the MLE of 8 does not admit a closed form (this is mainly due to the
summation inside the Log). Solving (10) can be computational heavy even in such simple scenario for
large dimension of 6.

It got worst in a more realistic scenario when we are in the presence of unknown models, e.g., in the
Gaussian mixture scenario, p; denotes a Gaussian pdf with unknown mean p; and covariance matrix X,

ie., pj(yilp;, X;) = N(yi; 1y, X;), the maximum likelihood becomes

n k
0,{a;, 3;}; = argmax » log» 0;N(yi;p;, ;) (1D
0. {125} =1 j=1
A closed form expression of (11) is only possible is specific and restrictive scenarios, as when & = 1 (in
which the summation inside the Log disappear), e.g. Example (2.1).0
From Example 2.2 it is clear that knowing which model is activated will simplify considerably the
problem. If a genius give us this indication for each observation y;, then, the MLE reads
_ "
n
o1 ¢
M = — Z Yl
"=
2= — > (yi— )y — 1) " 1y
i=1
in which 1;_,; = 1 if the j-th model is the generating process for the i-th observation, otherwise 1;_,; =0
and n; = Zl ]lj_)i.
Unfortunately, it is common to not have a genius in our pocket. The EM algorithm tries to guess what
such a genius might have told us. The EM algorithm is particularly useful in situations where additional,
but unavailable, information (known as latent or hidden variables) is part of the model, and where these

variables would significantly simplify the learning task if they were observed.
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C. MLE through the SGD

We recall that under independence assumption, the MLE writes
Onire = 1 0) = 1 10 12
MLp = arg maxlog p(y|6) = arg Iggg; og p(yi(0) (12)

In the case of non tractable MLE (impossibility of having closed form), one can use chain rule and
automatic differentiation tools in order to compute gradients of the objection function, namely, of [(0|y) =
>, logp(y;|@). Computing the gradient for each sample, gives us the so-called batch gradient descent.

This can be heavy for large n. Instead the so-called stochastic gradient descent. The latter reads
0D 0™ 4, Vel (B]e) (13)
in which 7,,, denotes the learning rate and /(6|e) is unbiased estimate of I(8|y), namely,

Bempo) {Z(e|s)} = 1(8]y). (14)

The random variable € can be tailored as a random variable that selects (randomly and uniformly)
minibatches M iy of size npin. With this minibatches, we have unbiased estimator of the gradient,

ie.,
1

> Vel(0ly,)

Nmini .
4,¥1 € Mmini

is unbiased estimator of

1 n
- Z;Vel(é’lyi)-

Pseudo code for the SGD

o Initialization: Choose initial estimate 8(°) and collection of learning rates {Nm} -

« Repeat until convergence

(m)

- Randomly chose a minibatche M, ;. of size nmini

— Update
gm+1) . g(m) ;. TIm_ Z Vol(6]y:)

Nmini . (m)
GYiEM i
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III. THE EM ALGORITHM
A. Definition & properties of the EM algorithm

1) Definition: The EM algorithm needs addition dataset named complete data x. Their parametric
density is denoted p(x|@). A guide line to chose the complete data is given after. It is important to be
aware that we do not observe the complete data x, we observe only y that should depend on . The EM
algorithm is mainly constituted by the two steps: Expectation and Maximization steps as follows

o Initialization: For m = 0, make an initial estimate of 8(°) (using a prior knowledge or using a sub

optimal existing algorithm)

o E-step: Formulate the pdf p(x|y, 8(™)) based on the previously estimated 8™). Then, compute
Q(olet™) = / log p(x|0)p(|y, 0™) dx
= Em~p(w|y70(m)) {10gp(£8|0)} (15)
o M-step: The m + 1-th estimate of 8 reads as
(m+1) _ (m) 1
6 arg max Q(66"") (16)
o Incrementing: Increment m and repeat the above procedure (E-step and M-step) until a stopping

criteria is met.

It is worth mentioning that the EM estimate is only guaranteed to never get worse (we discuss this
later on). Usually, it will find a peak in the likelihood p(y|@), but if the likelihood function has multiple
peaks, EM will not necessarily find the global maximum of the likelihood. In practice, it is common to
start the EM from multiple random initial guesses, and choose the one with the largest likelihood as the
final guess for 6.

2) Properties of the complete data: The first element that one should keep in mind is that specifying
the complete data X must lead to a relatively easy maximization of p(x|0) for a given x with respect to

6. In addition, the complete data X must satisfy the so-called following Markov relationship
0—-X—-Y 17)

meaning that
p(ylz,0) = p(y|z) (18)

As an example, when the complete data is related to the data via a deterministic function, i.e., Y = F(X),

with F'(.) a deterministic function, then (17) holds naturally.
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3) EM formation in the case of i.i.d. samples: In many applications it is common to consider the
observed data to be i.i.d. (independently and identically distributed samples). In this case, it is of interest
to consider the complete data as i.i.d. such that the i-th observation y; is only a function of ;. This leads
to the following proposition

Lemma 3.1: Let us assume that

p(@(0) = [ [ p(x:16)
i=1
with z = [T ,..., 2117 and the Markov relationship reads

06— X, =Y, Vi=1l,...,n

that is
p(yl|w7 Y1, yYi—1,Yi+1y- -y Yn, 0) = p(yz|w27 0) (19)
then
Q(0]6™)) => " Qi(0]6™) (20)
i=1
in which
Q1(0|0(m)) = E:cqvmp(ac”yi,e(M)) {logp(mz|0)} ’ Vi = 1L,...,n
O
Proof: First, let us prove the mutual independence. We denote y = [y7,. .., yl]T,
p(@,y10) = p(y1ly2, .. Yn, ,0) ... p(yulz, O)p(x(0)
by the chaine rule
= p(y1|m1, 0) .- ~p(yn|$n, 0)p(38|0)
by (19)
n
=p(y1|®1,0) ... p(yn|@n, 0) [ [ p(a:]0)
i=1
= [ I r(wil=:, 0)p(:16)
i=1
= [ p(: vil0) @1
i=1

October, 19th, 2026 DRAFT



Second, we notice that

p(xi, y|0)
p(y|0)
fX,,L,l p(x,y|0)dx; ... dx;_1dxit, ... de,
Joon p(x,y10)dx
an Al p m],yj|0)da:1 cdxi_dxiiq .. .dx,
f){" j= lp wjvyj‘e)dml dwn

by (21)
p(w“yZIO) H] 1, S p(x,9,10)dz;
J 1 jXp z;,y;|0)dx;
o yil0) [T ;. p(y;10)
[T—: p(y;10)
p(yil0)
= p(xi|y;, 0) (22)

Consequently, using the independence assumption of X and (22) in the last equality, one obtains

Q(a\e(m)) = Epp(a]y,00m) {log p(x(0)}

Eorpaly,00m) {log HP(%W)}

i=1

= Lgrop(z|y,00m) {Z logp(:r:i|6)}

i=1

I
M=

By (s ly,0(m)) {log p(x;(0)}
1

.
Il

I

Emin(wi 47,6(m)) {log p(x:]0)}

=1

B. Convergence analysis of the EM

The following monotonicity property of the EM algorithm, states that improving the @ function will
at least not make the log-likelihood 1(0) worse:

Theorem 3.2: [Convergence the EM]

Let the random variables X and Y have parametric densities w.r.t. the parameter 8 € ©. Suppose the

support of X does not depend on 6, and the Markov relationship @ — X — Y holds, that is

p(ylz, 0) = p(y|z) (23)
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holds for all € ©, z € X and y € ). Then for 6 € © and any y € Y with X (y) # @, 1(8) > 1(8(™)
if Q(016™) > Q8™ [o(™).
Proof: Basically, the proof uses the definition of the likelihood combined with the Markov relationship

and the law of total probability. Specifically,

1(6) = logp(316) ~log [ pla.yi6)de
X(y)

_ log/ p(wvy‘e) p(w|y,0(’”))dw
X(y) P )

(z]y, 6™
p(z,y|0)

—log E oy §
o8 Berrlalvol >){p(w|y,0(m))
p(z,yl6)

>E oy § log ———F2)_
= Teelelnet) { % blaly,00)

using Jensen’s inequality’

_ o p(|60)p(y|z)
e {1 gp<m|0<m>>p<y|m>/p<y|e<m>>}

using Bayes’ rule and the assumed Markov relationship?

_ p(x0)p(y|6™)
= Bovpiemom {og IS
= Prrp(x|y,00m) {logp(m\e)} - Em\y,e(m) {10gp(.’13|0(m))} + Ing(y|0(m))
= Q(010™) — QO™ ]0™) +1(6™)

Meaning that
1(6) = Q(6]6™) — Q6™ |0™) +1(6"™) (24)
Consequently, choosing 6 that maximizes Q(0|6(™)) leads to Q(8]6™)) > Q(6(™|9(™)), then,
1(8) > Q(018™)) — Q8™ ]6"™) +1(6"™)) > 1(6™) (25)

which concludes the proof. [

Remark 3.3:

2Jensen’s inequality: for f convex f(3_, Aiz;) < >, F(Niz;)

2Using the fact that, for the numerator p(x|0)p(y|x,0) = p(x|0)p(y|x) and for the denomerator p(x|y,0™)) =
p(ylz.0 ™ )p(x|6™) _ p(ylz)p(=|0(™)
p(yl6(m) p(yl6(m))
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o From the M-step
0+ = arg max Q(0)6™)
Consequently, Q(8("*+1[9(™)) > Q((™|9(™)) and by applying Theorem 3.2, one obtains
1007+ > 1(007)

o The monotonicity of the EM algorithm guarantees that as EM iterates, its guesses won’t get worse
in terms of their likelihood, but the monotonicity alone cannot guarantee the convergence of the
sequence {60™}

o Specifically, if {(0) is bounded from above on ©, then the monotonicity implies the convergence of

the sequence {1(6(™))}, but not of the sequence {6(™}.

Remark 3.4: Including a Prior in the EM algorithm

As explained above, in order to enhance the estimation process when one has a prior knowledge, or in
order to avoid singularities of the log-likelihood function (e.g., this a common scenario when learning a
larger number of mixtures compared to the available data), we can make use of (or impose) some prior

information. This is straightforwardly done by the MAP (maximum a posteriori) which reads as

Oniap = argmax logp(0ly) = arg rggg(logp(m@) +1logp(6)) (26)

Consequently, the EM algorithm can be straightforwardly extended as

o E-step: Given (™) estimate

Q(0160"™) = Eyy(aly,.00m) {log p(]6)} (27)
o M-step: The maximization step reads

61" 1) — argmin (Q(6]6™)) +logp(0) ) (28)

The monotonicity of the MAP EM is proved following the same lines of Theorem 3.2.

C. Learning in latent variable models through the EM

Following the same methodology, the EM algorithm can be employed to estimate the parameters of
directed models that involve latent variables. These latent variables, denoted by z, are incorporated into
the model’s structure but are not directly observed in the available data. When performing unconditional

modeling of an observed variable y, the corresponding directed graphical model describes a joint
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probability distribution p(y, z|@) involving both the observed data and the hidden variables. To obtain the

distribution over the observed variable alone, one marginalizes over the latent variables, resulting

p(yl6) = / Py, 2(0)dz 29)

The latter is referred to marginal likelihood (in the context of MLE estimation) or the model evidence
(in the context of generative models), when taken as a function of 6. In this case, the complete data are

given as = {y, z} and the EM algorithm can be used to learn 6. In this case, the E-step reads
Q0/6™) = [ logp(al6)p(aly,6")de
:/logp(y,ZIG)p(y,Z\y,ﬂ(m))dﬂc
— [ toxn(y. 210)p(sly. 6™z

= Ezwp(z\y,B(m)) {1ng(y7 Z|0)}
= Ezrvp(z\yﬂ(’”)) {logp(ya z|0)} (30)

In the context of deep latent variable model (DLVM) distributions involved in p(y,z|0) =
p(z]|0)p(y|z, 0) are parameterized by neural networks. It is of interest, since even if we assume relatively
simple distribution (e.g., parameterized Gaussian distribution) the marginal distribution p(y|@) can be very
complex. This expressivity makes deep latent-variable models attractive for approximating complicated

underlying distributions p*(y).

D. Learning an optimal mixture of fixed models

As a first and simple example, we consider here the learning problem of an optimal combination of
arbitrary known models. This will be extended later in the case of unknown models and applied in the
context of robust array signal processing (robust direction of arrivals estimation) [1].

Let us suppose that we observe y = [y1, ..., ¥, that might be generated using k& models (p1, . . ., py).
As an example, in the Gaussian mixture scenario, p; denotes a Gaussian pdf with known mean and
covariance matrix. In addition, we suppose that the observation are i.i.d. from a combination of these k

models, such that

k
p(wil0) = > 0;p;(y;) 31)
j=1

in which Z?zl f; =1 and 6; € [0,1], V4. Our aim is to learn (estimate) the most likely combination

0 =[01,...,0,]" of models to characterize the observed data y.
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It is clear that knowing which model is activated will simplify considerably the problem. Thus, it is

natural to choose the EM complete data as the observed data, plus, a set of hidden data z = [z1, .. ., zn]T
representing which of the k& models are used to generate the observation. That is z; € {1,...,k} with
i €{1,...,n}. This leads to
p(Yi,zi = j|60) = 0;p;(yi) (32)
Consequently, from (32), one obtains easily
. (m)
, myy _ P(zi = J,y:6™ 05" "p;(yi)
P(z = jly;, 6™) = ( (n|7) ) = (va) (33)
p(yil0) > 00 pi(yi)

Then, the M-step reduces to

0™ = arg max E,y.60m {logp(y, 2|0)} , using the EM formulation for missing data
R :

n k
= = jly;, 0 {1 iz =70 ing the EM formulation for i.i.d. dat
argréleag)(ZZp(z Jlyis ) {logp(yi, 2 = j|@)},using the ormulation for i.i.d. data

i=1 j=1
n k

= arg renea(z)( ; ;p(zz - j|yla O(m)) {IOg 921‘,:]' + IngZi:j (yl)} usmg (31)
n k

= argmax ; ]; p(zi = jlys, 0™ log 0;

k
_ (m) )
= arg max z; a; " logb;
]:
in which, from (33), the above reduces to

S 0Dy
(m) _ Z il @My R A
aj - p(zl 7.7|y170 ) *Z k m :
i=1 =1 2i=1 91( )Pl(yi)
Solving the constrained problem above can be easily handled by the method of Lagrange multipliers. For

now, we ignore the constraint §; € [0,1], Vj, and we consider only the constraint ;0 = 1. This leads

to
k k (m)
9 (m) )
20 (Zal logf; — A <Z€l - 1)) = ‘Jg - A
7 \i=1 =1 J
o)
equating the above to zero, leads to 67 = —5—. Now, we choose A that naturally satisfies > ;0 =1,
a(,'m)
Le., this leads to 67 = W Finally, note that the problem in (33) is actually a convex optimization
1=1%

problem, and here we skip the details of verifying the optimality of the solution.
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Finally, the EM reduces to

EM for learning an optimal mixture of fixed models

o Initialization: Choose initial estimate (%)

o E-step: Compute

m 0D ()
(m) _ S il @)Y — AN -
O‘“ _p(ZZ_.7|y270 )_Z k m bl ]_177k
7 = 0 i)

o M-step: Update

ol

plmtD) — j=1,....k
J k (m)’ ’ ’
D=1

o Convergence check: Compute [(8(™+1)_ if |1(("+1)) — [(§(™)| > &, for a chosen §, return to

E-step, otherwise end the algorithm

IV. BEYOND STANDARD EM

The EM algorithm is a powerful and widely-used technique for maximum likelihood estimation
when dealing with incomplete or latent data. Its iterative process alternates between estimating missing
information and optimizing model parameters, making it conceptually simple and broadly applicable [2]-
[4].

However, despite its strengths, the standard EM algorithm faces practical limitations. In particular,
i) it can converge slowly, especially near flat regions of the likelihood surface, ii) it is often sensitive
to initial parameter values, risking convergence to poor local optima, and, iii) in many problems of
interest, especially those involving complex latent structures, or large datasets, either the expectation (E-
step) or maximization (M-step) becomes computationally intractable. These limitations have motivated the
development of several variants and extensions of the EM algorithm, designed to improve convergence
behavior, reduce computational cost, or handle situations where exact updates are impossible. In this
section, we will see how the core EM framework can be adapted and extended to tackle these challenges

while preserving its fundamental structure.
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A. Intractable E-step

If the E-step is intractable, a natural choice is to use a stochastic variant of the EM algorithm. Namely,

instead of computing the full expectation, it approximates it using random samples, often via Monte Carlo

methods. This allows the algorithm to proceed even when the exact E-step is infeasible (e.g., due to a

complex probability density function or in non linear settings), enabling efficient parameter estimation

while maintaining convergence properties under certain conditions. Several stochastic versions of the EM

algorithm have been developed to address such kind of situation. To cite a few,

« Stochastic EM (SEM) replaces the full E-step with a sample-based approximation, often using a

single or a few random draws from the conditional distribution of the latent variables. This allows

the algorithm to handle large or complex datasets when computing the exact expectation is impractical.

« Monte Carlo EM (MCEM) improves this by using Monte Carlo sampling to approximate the E-step

with multiple samples, providing a more accurate estimate of the expectation. It is especially useful

when analytical solutions are unavailable but sampling is feasible.

« Stochastic approximation EM (SAEM) goes further by combining stochastic updates with a smoothing

mechanism, updating the expectation incrementally over iterations. This leads to better stability and

convergence, even when using fewer samples at each iteration [5].

In Table. I presents the main stochastic EM variants.

E-Step Description

Analytical Equation

EM Computes the exact conditional expectation of the | Q(0]0(™) = B f(aly,00m) [log f(x|0)]
complete-data log-likelihood.

SEM Approximates the E-step using a single sample from the | Q(0|60(™)) x log f(x(")|8)
posterior. where (™) ~ f(x|y, 8(™))

MCEM | Uses multiple samples to estimate the expectation in the | Q(0]0(™)) ~ % Zﬁ;l log f(z(™):<|0)
E-step. where ()¢ ~ f(x|y, (™))

SAEM | Uses a recursive update combining current and past | Q(6]@(™+1) = Q(0|6(™))

estimates.

7k [log f((")]0) — Q(6]6™)]
2™ ~ f(ely,00™),  0<y <1

TABLE T

COMPARISON OF E-STEP FORMULATIONS IN EM VARIANTS
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B. Intractable M-step

In the case of the MAP, the E-step of the EM algorithm remains the same (the expectation is w.r.t. the

latent variable only), whereas the M-step becomes

0L = argmax Q(6]67™) + log f(6)
ZISI97)

which f(0) denotes the prior information. Due to the presence of the a priori, the M-step might be
difficult to compute. We briefly review some variants of the EM algorithm, c.f., Table. II. The key
difference among these lies in how the M-step is carried out. In classical EM, the M-step involves
a full joint maximization over all parameters, which can become computationally expensive or even
intractable for complex models. The ECM (Expectation Conditional Maximization) algorithm addresses
this by decomposing the M-step into a series of simpler conditional maximizations over parameter blocks.
ECME (Expectation Conditional Maximization Either) extends this idea by replacing some of these
conditional steps with direct maximization of the observed-data log-likelihood, often resulting in faster
convergence. Lastly, the GEM (Generalized EM) algorithm relaxes the requirement of full maximization
entirely, requiring only that the surrogate function increases at each iteration. This flexibility allows for the
use of partial updates or gradient-based methods when exact optimization is not feasible. These variants
are particularly valuable in high-dimensional, constrained, or non-convex problems where the classical

EM algorithm may not be practical.

M-Step Description Analytical Equation
EM Maximizes the full expected complete-data log-likelihood | 8(™+1) = argmaxE__ F(wly,00m) 108 f(x]0)]
6co ’

with respect to all parameters.

ECM Replaces the full M-step by a sequence of conditional | For each block b:

S 1
maximizations over subsets of parameters. 9£m+ ) = argmaxE

m 1 0 70‘
wBmaxE, felv.o ) o) 108 £ ((6s, 65)]

ECME | Maximizes some parameters, 801, using the observed B(OWZJFI) = argmax log f(y|@o1,, O57,) and

data log-likelihood directly (my1)  oLEOor )
) ’ 0\ "= argmax E my o (m). [log f(x|0s7, 00"
OL oo’LgE@o’L wa(z‘y’e(o’L)’eé)L))[ g f(zl061,, 001, )]
GEM Only requires that the Q-function increases at each | Find (1) such that
iteration, not necessarily maximized. QO™+ |9(m)y > Q(a(™)|g(m))
TABLE T

COMPARISON OF M-STEP FORMULATIONS IN EM VARIANTS
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C. Variational EM

blabla

V. VARIATIONAL AUTOENCODERS

The EM algorithm has long been a central tool for estimating parameters in probabilistic models with
latent variables. While effective for many structured problems, classical EM and its stochastic variants
encounter significant limitations in modern machine learning applications du to scalability issues. Namely,
even stochastic versions of EM, which rely on sampling methods to approximate expectations, can struggle
to scale efficiently on large datasets or deep generative models.

To overcome these challenges, variational inference provides a powerful alternative. It replaces exact
posterior computation with an approximation drawn from a family of tractable distributions, optimized via
techniques such as the Evidence Lower Bound (ELBO). Variational Autoencoders (VAEs) integrate this
variational inference approach with neural networks, enabling the efficient learning of complex generative
models while maintaining scalability and flexibility. In essence, while EM relies on iteratively computing
or sampling from intractable posteriors, VAEs use inference via learned encoder networks, making them

well-suited for high-dimensional and large-scale problems where classical EM fails.

A. Deep latent variable model

As explained above latent variables, denoted by z, can be incorporated into the model’s structure (but
are not directly observed in the available data). When performing unconditional modeling of an observed
variable y, the corresponding directed graphical model describes a joint probability distribution p(y, z|0)
involving both the observed data and the hidden variables. To obtain the distribution over the observed

variable alone, one marginalizes over the latent variables, resulting

P* () ~ p(y|0) = / ply. 2/0)dz (34)

when p*(y) is complex, modeling p(y|@) tends to be complex too leading to intractable EM algorithm.
In this case, it is common to assume a deep latent variable model (DLVM) distributions. The latter

parameterize the distributions involved in p(y, 2|0) = p(z|0)p(y|z, @) by neural networks.
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In order obtain a tractable inference and learning procedure in the DLVM, we assume a parametric
inference model ¢(z|y, @) ~ p(z|y, 8). The latter approximation of the posterior, is refered as the encoder

and ¢ represents the variational parameters include weights and biases of the neural network, e.g.,
p, X =ENN(y, ¢)
q9(zly, @) = N(z;p, X)

in which ENN refer to the Encoder Neural Network.

B. Linking the MLE to the ELBO

The ELBO is commonly chosen as an objective in the DLVM context. Specifcally, the ELBO reads

,y|0
(ELBO)  €5.6(y) = Ezng(zly.0) {k’g m}

= Ezwq(z|y,¢) {logp(z, y|0) - log Q(z|ya ¢)} (35)

The ELBO is directly related to the log likelihood, namely,

p(z,y10)
10 p 0 :EZN 2|y, 10 p 9 :EZN =z {10 _
gp(y|0) a(=ly.¢) 1og p(y|60)} a(zlv.9) 1 '°8 21y 0)

(ZIy,cb)}

q

p(zly, 0)

e i) oo
)

z
} and the second term

= Bzng(zly.0) {1 08 (z|y &
= Eznazly.e) {log P

in which the first term denotes the ELBO and reads E..q(z|y,4) {log (zéf' )

represents the KLD, and reads

KLD(q(z|y, #)||p(2|y.0)) = E.y(zly.6) {10g M} .

Since the KLD is non-negative, the ELBO is a lower bound of the log likelihood, i.e.,

Ep.0(y) = logp(y|6) — KLD(q(z|y, ¢)|[p(2|y,0)) (37)
< logp(y|0)

and KLD(q(z|y, ¢)||p(z|y,0)) can be seen as the distance between the ELBO and the marginal log
likelihood and is referred as the tightness of the bound. In addition, maximization of the ELBO leads
to two important points, /) minimizes the KLD(q(z|y, ¢)||p(z|y, 8)) leading to ¢(z|y, ¢) as close as
possible to p(z|y, 0)) and 2) it maximizes the marginal likelihood p(y|@). This leads to a better generative

model.
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C. Linking the EM to the ELBO

The EM algorithm can be seen as coordinate ascent on the ELBO &4 ¢(y). Specifically, from (37),

consider first maximizing the ELBO for a fixed 0(™) and at the m-th iteration, i.e.,

¢ (z|y, @) = argmax &, g (y) = argmin KLD(q(z|y, ¢)||p(zy, 0™)) = p(z|y,8™)
q(zly,9) q(z|y, )

Second, we will optimize over 8 with previously estimated ¢\ (z|y, ¢) = p(z|y, 8™). Then, using the

ELBO expression in (35)

o) = argmax B _p(sfy 00m) {logp(z, y|6) — log p(zy, 9“"'))}
S

= argmax B,z 1y.000) {logp(z,y(0)} .
6cO

Consequently, we can notice that for the particular choice of ¢(™) (z|y, ¢) = p(z|y, 8™)), one have the

EM algorithm presented in (15) with the complete data given by « = {y, z}.

D. Maximizing the ELBO through the SGD

In the following, we briefly see how we can make use of the SGD to optimize the ELBO jointly w.r.t.
6 and ¢ (this is needed in the case of intractable ELBO or its gradient, which is commonly the case).
The main idea is to start with random initial values of @ and ¢ and stochastically optimize their values

until convergence. In the case of i.i.d. samples, the ELBO is the average of the individual ELBOs, i.e.,

Ep0(y) = Ep0(yi) (38)
=1

The individual ELBO and its gradient is generally intractable. We use the SGD as unbiased estimators of
Vo.6E4,0(y) as explained in (13).
1) Deriving VgEg 9(y): Specifically, we use simple Monte Carlo estimator in order to get unbiased

gradients of the ELBO, namely,

Volp0(Y) = Eomq(zly,e) 1 Ve(logp(z,y|0) —logq(z|y, d))}

= E.q(zly.0) {Velogp(z,9]0)} = Vg logp(Z,y|6)

in which 2 ~ ¢(z|y, ¢).
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2) Deriving V $E¢ 6(y) through the reparameterization trick: Computing the gradient w.r.t. ¢ this is

more complicated since the expectation depends on ¢, i.e.,

Vo Erg(zly,0) 110802y, D))} # Ezng(zly,0) {Veloga(zly, @)}

But the so-called reparameterization trick, which can be assimilated as a change of variables, is an easy
way to overcome this issue. Namely, let us link z with an other random variable e, as,
z=r(e,y, )

with 7(.) is differentiable and invertible and e ~ p(e) is independent of y. Consequently,

V4&p.0(y) = VpEenp(e) {l0gp(z,y|0) —logq(zly, #)}
~ Vg logp(z,y|0) —logq(zly, ¢)
in which, é ~ p(e) and then, Z = r(€,y, ¢).

Example 5.1 (Computation of unbiased estimate of ELBO with Gaussian inference model): In the

following, we consider

o The Gaussian inference model writes ¢(z|y, ¢) = N (ji(¢, x), (¢, x)) which aims at approximat-
ing the true p(z|y), such that the mean and covariance will be learned using an encoder neural
network of parameter ¢ and input y, ENN(¢, y).

« The generative model reads p(z,y|0) = p(y|z,0)p(z) with p(y|z,0) = N (u(6, z),%(0,y)), such
that the mean and covariance will be learned using an decoder neural network of parameter 6 and
input z, DNN(¢, y) and p(z) = N (0, I).

From q(z|y, ¢) = N(ja(p,y), =(b,y)), the reparametzeriation reads

e~ N(0,1) (39)
z= (¢, y) + L(d,y)e

This parametrization corresponds to the Cholesky decomposition of the covariance matrix, i.e., X(¢,y) =

L(¢,y)L(¢,y)T. In order to impose a Cholesky form for the matrix L(¢,y) we can proceed as

(¢, y).5(d,y), L' (¢,y) < ENN(¢,y)

L($,Y) + Linask © L' (¢, y) + diag(a(¢, y))
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in which < L, .. contains zeros on and above the diagonal. and then, we can sample z from (39).

From (35) and (38), the individual ELBO writes

5¢>,9(yi) = Ezwq(z\yi,qb) {logp(yi\z, 9)} + Ing(Z) - Ezwq(z|y-;,¢) {IOg q(z|yia ¢)}

(40)

The ELBO in (40) contains the term ¢(z|y;, ¢) that must be evaluated. The relation between densities

of e and z, with an invertible function »(.), reads

q(z|y, @) = logp(e) — log

0z
det ae'
=log N(0, 1) Zlog| s

_ _,Z 12 + log(27) + log([o];)) -

Summing up these led us to the following algorlthm

(41)

Unbiased estimate of ELBO with Gaussian inference model

Initialization: 0, ¢

o 1(6.3),5(6,3). L (6,9:) « ENN(6,5.)

o L(¢,yi) < Luask © L' (¢, ;) + diag(a(,y;))
e e~N(0,I)

« 2 a(é,y) + Lo, yile

o 1(0,2;),3(0,y;) + DNN(6, 2)

o (p(2)) &, =logN(2;0,1)

o (logq(zlyi, @) approximation) £y, o = —3 3, ([e]? +log(2m) + log([o];)) -

o (ogp(yi|z,0) approximation) &y, . 9 == log N (z; (6, z:), £(6,y;))
o (One individual ELBO approximation) c‘:'(b,g (y;) = gyi\z,e +&, — gz\yi,¢)
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VI. APPENDIX
A. Other examples

1) Robust mean estimation: In this Section, we present a simple example of a robust mean estimation
[6], [7]. The extension to the case of DoA estimation can be found in, e.g., Maximum likelihood estimation
of compound-Gaussian clutter and target parameters Wang et al. IEEE TSP 2016.

Let us consider the following model

Yt =p+ e (42)

in which y; € R” and we consider a compound-Gaussian noise modeling given as

where 7, ~ p,(v) in which v is a deterministic parameter, and n; ~ A(0,X), in which the covariance
matrix ¥ is unknown (in the case of direction of arrival estimation, one can replace p by A(@)s; and
consider the complex counterpart of the noise model). Then, the DoA, 8 can be deduced from the one to
one mapping between p and 6 or by using the SAGE algorithm described below [8], [9].

From (42), one obtain

1
Yy, B, v, 7 ~ N(p, ;E) (43)

In the case of a student-t distributed data, we have

T, X, v ~ Gamma(%7 %)

where the Gamma(a, ) density function reads, for 7 > 0,3 > 0,a > 0,
v, BT Lexp(—pB7)

23 o)

Gamma(

Note that for v — oo, the 7 — 1 with probability one, thus, y becomes marginally normal, i.e., y ~
N(p, ). And the marginal distribution reads
L)z
f(y|u,§],1/) = 2 vt P (44)
2
() Er(5) (14 202)

v

in which the Mahalanobis distance from y to the center v with respect to X reads

dy(p,2) = (y —p)"S (y — p)

Note that the above distribution is ellipsoidally symmetric about the mean g since the density is the same

for all y that have the same ¥ distance from .
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Before we derive the ML and the EM algorithm for 8 = [{u}, {3}, v] we first recall some important

results that can be found in Anderson 1985, p.35: let us assume that & and z are jointly Gaussian, s.t.,
[27,y"]" ~ N(u, ), thus
zlp, X, v, 7~ N(ux,Xx/7) (45)
y|337 22 27 v, T ~ N(ILLY‘X7 2;’\X/T)

fy|x =y — By xEx ( — px)

Tyix = By - Ty xTx'Sx vy
a) ML of @ with observed y and 7: Let us consider n i.i.d. observation

ye|p, B, 7 ~ N (p, /1)

in which
¢ ~ Gamma(v/2,v/2)
From above, it is natural to chose the complete data as {y1,...,Yn,71,...,7,} mainly because in this

case the ML of the complete data reduces to the classical Gaussian ML for the mean and the covariance

matrix.

It is worth mentioning that the log likelihood can be factorized in this case, specifically,

logp(ylv e Yns Ty e aTn|u'7 za V) = 1ng(y1, ey Yns Ty e e 77-7L|1u'72) + 1ng(7-17 s 77-7L|V)

in which
logp(yla ey Yn, T, - 7Tn|ll’72) = n/2 log |2| - I/QTI'(Eil) Zﬂyzsz
i=1
n 1 n
Ts—1 Ts—1
+p X ZTiyi_§N X NZ%‘
i=1 =1
and

n

logp(7i,..., V) = —nlog(T'(v/2)) + % log(v/2) + g Z(log(ﬂ-) —7)

October, 19th, 2026 DRAFT



25

from which one deduce easily the sufficient statistics w.r.t. the complete data

Sry = z”: TiYi (46)
i=1

Sy = fjnyiy? (47)
i=1

Sr = Xn: Ti (48)
=1

ST,T = i(log(Tz) - Ti) (49)
=1

Given these sufficient statistics, the MLE reads

.
S‘r,y Zi:1 TiYi

(1= = 50
p=-g ST (50)
& 1 1 T . 1 i (m+1) ~ ~\T
YX=— | Sryy— oSSy ) = — sz (i — ) (yi — 1) (51)
n S n
Regarding v, no closed form expression is available and one has to solve the following
dlogT'(v/2 1
% +log(v/2) + —Srr +1=0 (52)

b) EM of p and 3 with v known: From above the E-step of the EM aglorithm, i.e., the computation
of the () function, reduces to find the conditional expectation of the complete-data sufficient statistics
Sty Sryy, Sy and Sy - given the observed values of {y}, the known value of v and the current estimate
of u(™ and (™). The M-step involves weighted least squares estimation of g and X as in (50) and
(51). Let us denote (") = {yl, IRTTRTIGON Y GO 1/}. Consequently?,

vV+p

—my (33)
v+ §§m)

w(m-‘rl) — E-,-‘Q(m) {Tz} —

3

3This can be obtained noticing the fact that p(t|y, 3, u,v) o« p(y|r, T, w, v)p(t|E, 1, v) leading to 7|y, =, pu,v =

7|6, ~ Gamma(#, %‘51)
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in which 5§m) = (y; — p™)HT (E(m))_l (y; — ™). Finally, using the EM formulation for missing

data, we need*

n

B {Sry} =Y wi™ (54)
i=1

B {Srya} = 3wt syl (55)
i=1

Epgom {S:} =Y wi™ (56)
=1

Plugging the above in Q(8]0(™)) = 3" | B yi.00m . {log p(7i, 90, v)} in which 6 = {pm) mnm1

the M-step reduces to (see Section. VI-Ala)

n m—+1
~(m+1) S'ray _ ZiZI ’UJE )yz 57
© - S - n (m+1) ( )
T Dim1 W
n 1
S(m m—+1 ~ ANT
B =37 w™ (i — ) (yi — ) (58)
=1

c) EM of v, p and X: In the case of unknown v, one has to first to compute®

n + ) 4 p(m) n N
Erjgon {Sre} =Y (¢<pQ> - log<792>) +3 (log ™ — (™) (59)
=1 =1

in which ¢(.) denotes the digamma function, Qlm) = {yl, R TRTIGONS Y GO I/(m)} and as above

(m+1)
w, =E qgmint=——"—-—
i |€2(m) { } L(m) + 6Z(m)
Regarding the M-step, we notice that there is a separation of (u,¥) and v. Consequently, the M-step of
(p, X) remains the same (with (™) instead of ). The M-step regarding v is more difficult and one has

to solve the following

n (m) (m) n
~o(/2) +1og(r/2) + 1+ 3 (670 <105 ) 4 3 (log ™)~ u™) 0
i=1 i=1

2) Robust direction of arrival estimation: The one source case: Most of array processing technique
are designed under the assumption of Gaussian noise. Nevertheless, this assumption might be unrealistic

leading to a dramatic performance loss. The non Gaussian environment rises, for example, in the presence

4Er|n<m> {S+,+} is needed here since v is assumed to be known and the M-step does not depend on Er\ﬂ(m) {S++}

SUsing the fact that if a random variable R has a Gamma(c, 8) distribution then, E {log R} = ¢(a) — log 8 where ¢(.)
denotes the Digamma function (see McLachlan and Krishnan 1997, section 2.6, 5.8, eq 4.152).
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of outliers, an heterogenous environment or in the recent high resolution radars for which the central
limit theorem is not valid any more and thus the radar clutter cannot be correctly modeled as a Gaussian
process. To overcome this limitation, one alternative is to consider a Gaussian mixture. Its flexibility

allows to overcome the performance loss due to a Gaussian assumption.

In the following, we consider one far field source impinging on a linear array. In this context, the

observation (array output) Y = [y ... yI]T, in which each snapshots reads

yi = a()s; +n; (61)

in which ¥ is the direction of arrival, n; represents the noise component model constituted of a mixture
of k Gaussians with zero mean and unknown covariance matrices X; for [ = 1,..., k. The number of
mixtures should be estimated, nevertheless, it has been noticed from numerical simulations that & = 4
mixture terms provides very good detection and estimation performance in a variety of noise pdf cases,

including stable distributions.

Let us define the unknown parameter as
T T
0 =1[Y,s1,...,8n,Wi,...,wg,vec(Xq)", ..., vec(Xg)"]

in which the weights, for each mixture, satisfy w; > 0 and Zle w; = 1. Consequently, with some abuse

of notation, we can write

k
p(Yi = yil6) = Y w;CN(n;, %))

j=1

in which m; = a(v)s;. Let us denote 7-(7-“) the estimate of the probability that the i-th sample was

,

generated by the j-th Gaussian component at the m-th iteration. Thus,

w{™eN (™, =(m)
l l l
S wlen (D, 20

VM & P(Z = jlyi, 00) = (62)

which clearly satisfies 3> 4™ =1,

Since the samples are i.i.d., the E-step reduces to the calculation of Q;(0|6(™)) which reads
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Qi(0160'™) = Ez,1y..00m {logp(y:, Z:(0)}

P(Z; = jly;, 0"™) log p(yi, Z; = j|6)

[
™=

1

<.
Il

2 log(w;CN (m:, 25))

I
'M”

~
I
—

7™ (logw; —log 5] — (yi — 1) "5 (yi —m)) + C (63)

<
I
A

R
-M?

in which C' denotes any values that is independent of 8. Consequently,

n k
Q(0]6™) Z Z%'(;‘n) (logw; —log |%;| — (i — m:) "5 (yi — mi)) (64)

i=1 j=1

The M-step reduces then to solve

0(m+D) — arg max Q(0|6™)

k

subject to wj>0,2wj:17 7=1..k (65)
j=1

;=0 j=1,...,k (66)

It is noticed that the weight can be solved independently, (using the Lagrange multiplier as in

Section .III-D) as

(1) n(m)
m _ 7 -
w; 772}6 Ty ji=1...,k (67)
1=1"
where ngm) =>r, ’yi(;”) which satisfy (65).
What remains, i.e., the optimal values of ¢, s1,...,s,, 21, ..., 2k, can be solved iteratively by using

a block coordinate descent algorithm. Specifically, equating the derivative of Q(O\B(m)) w.r.t. s; to zero,
leads
ko m) (sam)\ 7! "
<Zj_1 %‘;n (Ejm ) a(ib“’”)) Yi
s = — )
k m m)\
<Zj_1 %'(j ) (25 )) a(z/’(m))) a(ip(m)
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Regarding the direction of arrival, no closed form expression is available, thus, a Newton type or a classical
1D grid search can be performed
S = argmin Y S A - s ) - s 69
=1 j=1

In the same manner, equating the derivative of Q(0|6(™)) w.rt. £; to zero, leads

Q(616™) _— m)alog = ZW(m)a(yi —a(¥)s) "5 (yi — a(y)s:)
0%, om; &= 0%,
m)s; " + Zw(m)z a(¥)s:)(y; — a(e)s) ;!
which leads to
= = y (1m) Z: 7" (s — (D)) (g — ()5 M) (70)

Finally, the EM reduces to

EM for robust direction of arrival estimation (the one source case)

o [Initialization: Chose initial estimates w( ), 171( ) E;O) forj=1,...,kandi=1,...,n

o E-step: Compute
m) _ ("L)C./\/'(n(m) E(m))

Vi
Ty wPeNnm?, =)

o M-step: Update

(m+1) Ny =1,k

E Sy ™
H
Sk m) (2(m>)‘1a(w<m>) ”
(m+1) j=1 Tij J g
S =

1 ~ +
(Zfﬂf;-n : (2§m)) a(w<m>)> a(p(m)

MY = arg mlnz Z 7” Yi (¢)s Em“))H(Eg’”’)‘l(yi - a(¢)s§m+1))

=1 j5=1

nZ(erl) a(w(m+1))3§m+l)

E(}m—l—l)

Z (s — a(m D)D) (g — a(p D))

3 =1
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o Convergence check: Compte 1(8(™+1), if |1(9(+1)) —1(8(™))| > §, for a chosen 4, return to E-step,

otherwise end the algorithm

. T
o MUSIC |
n O DA-ZMNL |]
v EMRES
— GRB

RMS ERROR

10-4 1 L 1 1 1 1 1
-2 0 2 4 6 8 10 12 14 16 18 20

AVERAGE SIGNAL POWER (dB)

Fig. 1. Simulations with Gaussian mixture noise from Kozick and Sadler, IEEE TSP, 2010

Remark: Learning a Gaussian mixture models
Learning GMM (Gaussian mixture models) using EM also referred as EM clustering is detailed in R.
Gupta et al. FTSP 2010. Here we describe briefly the model setup and we present some results in order
to show the usefulness of the EM.

Learning a GMM is a generalization of learning an optimal mixture of fixed (Gaussian) models and can
be obtained using exactly the same methodology as above (i.e., the same steps and derivations leading to
the EM of the robust direction of arrival estimation scenario). Specifically, one has to estimate the k£ means
and k covariance matrices, and k weights that specify how likely each Gaussian is to be chosen. This set
of parameters constitute 8. Consider that we have n samples, such that, each sample y; ~ N (n;, ;).

And we assume that the (real case) GMM has the following density (we some abuse of notation)

k
P(Y; = 9il6) = Y w;N(n;, %)
j=1
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with w; > 0, Y5 w; =1 and 0 = {(w;,n;,%;)}
The EM reduces to

EM for learning GMM

o Initialization: Chose initial estimates w‘go)’ 77‘540), E;O) forj=1,...,k
o E-step: Compute
oy 0y N (™ 25™)

Vij k 7 7 7
S weN (), =0y

o M-step: Update

(m)
(m+1) "y ,
w; =—l——  45=1,...,k
J k (m)
21y

n
(mt1) _ 1 (m)
TIj - ('rn)zryij
n; =1

1 n
» +1 m +1 +1
i =1

o Convergence check: Compte 1(8(™+1), if |1(9(+1)) —1(8(™))| > §, for a chosen 4, return to E-step,

otherwise end the algorithm

3) Multi-source separation: Parallelization using the EM: In Section (VI-A2), the mono-source case has
been considered. One can notice that extending the above study to the multi-source case is straightforward.
Nevertheless, this leads the M-step to be computationally a heavy procedure. Specifically, for m sources,
(69) becomes a non convex highly non linear m-D optimization problem.

In this section, we overcome this problem by using the EM algorithm. It is worth mentioning that for
sake of simplicity we consider here the case of m sources impinging on an array in the presence of zero
mean Gaussian with known covariance matrix and known signal source. The extension to the case of
multi-source case with mixture of Gaussian with unknown covariance matrix is given in Kozick & Sadler

IEEE TSP 2000, but the methodology remains the same.
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True GMM density

-10 -5 0 5 10

Initial Guess
m=0, LO)= -3.9756

1000 i.i.d. samples

-5 0 5 10
1st EM estimate
m=1, L= —-3.6492

-10 -5 0 5 10
2nd EM estimate
m=2, L®= _3.6446

-10 -5 0 5 10

Fig. 2. GMM fitting example from Gupta et al. FTSP 2010
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Consequently, in the following, we consider the following model

a(p)spi +ny (71)

<
I
NE

1

A(Y)s; +n; (72)

=
Il

in which the steering matrix reads A(1)) = [a(¢1), ..., a(y)], with ¢ = [¢)1,...,9,,]T denotes the m
direction of arrivals, the source signal s; = [s14,. .., sm,i]T and n; represents a Gaussian additive noise
with ¥ as a covariance matrix. In this case the unknown parameter € reduces to ), i.e., 6 £ 1 and in
the same manner we consider that 6, £ 1, for p = 1,...,m. Thus, in the following we will consider 6,

instead of .

To make use of the EM, we have first to specify the complete data. In our scenario, specifying the
complete data is rather straightforward. A proper choice in order to have a reduced complexity step to
maximizes p(x|@) while maintaining the Markov relationship, i.e., 8 — X — Y, is to consider the

following complete data, for the ¢-th observation and the p-th source, as

in which

xip=a(lp)sip+n, (73)

meaning that

Yi :Zazi@:Hwi with n; :an) and H =[I,...,1]

=1 =1
p P m terms

Furthermore,

T, ~ CN(a(0y)sip, Xp)
From above one obtains,

log p(X;|0) o< s7 A(O)HT 'z, — xFT 1 A(0)s; + sFAO)ITTA®B)s; + C
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in which I' = bdiag(X,...,X%,,), for sake of simplicity, we assume that 3, = --- = ¥,, = %2.

Consequently,
Qi(010™) = Ex, . gom {logp(X;]0)}
o« s A0, T 'z, — 2T 1 A(0,)s; + s A(0,)' T A(0,)s; + C

x (s A(0,) - @) T (sFA(0)) — &:) + C
X Z (sipa(fp) — ii,p)H F;I (sipa(fp) — Tip) +C (74)

in which z;, = E X |ys,00m) {z; ,}. It can be proved that since, y; and x; are jointly Gaussian (this is
because y; = Hx; with y; and x; Gaussian), then using classical results from Anderson 1958 (home

work), we have
@ 2@l &l )" = A0"™)s, + THY (HTH") ™ (y; - HA(0'™)) (75)

i,m

which reduces (using the expressions of H and X, given above) to

Jiz)p = A(Q(m))slp + — (yz Za (m) 31 q> (76)
qg=1

Finally, the EM reduces to

EM for multi-source direction of arrival estimation

o Initialization: Chose initial estimate 6(%)

o E-step: Calculate Q;(6]0™)) from (74) which reduces to the following updates
bt m 1 S m
Tip = a(01(> ))siyp + - (yi — Z a(@l(l ))sl—,q>

q=1
o M-step:

0"+ = arg min > (@ip—al0y)sig)" = (Fip — al0y)siq)

Poi=1
o Convergence check: Compte [(8(+1), if [[(m+1) — [(m)| > § for a chosen 4, return to E-step,

otherwise end the algorithm

From the above, we can notice that the EM algorithm reduces the original mD optimization problem

6= arg min 01(0)) to m subproblems each of 1D optimization problem (74).
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B. Other EM variants

1) The One Step Late: EM for Penalized Likelihood Estimation: Suppose that we have a prior
information about 6 (making it a penalized likelihood or maximum a posteriori estimation) and let .7(8)

describing this latter. Consequently, the EM can be formulated as maximizing
0+ = arg %@XQ(O’W(M) —\J(9) (77)

Nevertheless, maximizing (77) can be as difficult as maximizing the original penalized likelihood. This
is particularly likely to be so if J(6) represents a roughness penalty, when each component derivative of
J(0) involves several components of 6. To overcome this, Peter J. Green, 1990 proposed the one step

late EM algorithm formulated as finding 8(™+1) which equates the following to zero

(m)
0Q(616™) el .
00 9—=0(m+1) 00 0=06(m)
Note that the original EM solves the following
(m)
0Q(016'™) ) 0J(0) —0 (79)
00 0=0(m+1) 00 6=0(m+1)

Solving (78) has the same difficulty as designing the unpenalized EM. For some applications, the OSL
works remarkably well, nevertheless, what is lost in comparison with the penalized EM algorithm is the

guarantee that the method converges, and in particular that the iteration always increases the penalized
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log-likelihood, i.e., log f(y|@) — AJ(0). In the following, we present the SAGE which overcome this
issue.

2) SAGE : Space-Alternating Generalized Expectation-Maximization Algorithm: Definition and prop-
erties
In the following, we recap the SAGE algorithm originally proposed by Fessler and Hero 1994 in the case

of penalized maximum likelihood. First, let us consider the following problem

0 = arg max d(0)

where

®(0) = log f(y|6) — P(6) (80)

in which P(0) represents the penalization term.
Second, let us define the Hidden-data space in the SAGE algorithm procedure defined as:
A random vector X is an admissible hidden-data space® w.r.t. to g for f(y|@) if the joint density of

X% and Y satisfies
fly,%10) = f(ylz®.05)f (2", 0)
This simply means that the conditional distribution f(y|x,85) must be independent of 8s. Consequently,

X must be complete-data space for 5 given that 85 is known.

Finally the SAGE algorithm reads:

o Let 8 be an initial parameter estimate.
For i=0,1, ...(

Choose an index set S = S*

Choose an admissible hidden-data space X* " for O

E-step Compute

6% (05:100) £ Q% (85:10) — P(85:,0Y))
in which
Q' (05:10) = Exsjy—y oo {log £(X5105:,6%)
- M-step

64" = argmax ¢ (65:/6")
A

The set S is an index set (i.e., indexing which parameters of the vector @ will be considered), and S is the complement of S.
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— Update ngl) = O(S*iz‘) and (optional repeat the E-step and M-step)
)
Remark:
- Rather than requiring a strict maximization of gbsi (Og: |0(i)), one could settle simply for local maxima,
or for mere increases in (;Ssi (05:160™), in analogy with GEM algorithms. These generalizations provide
the opportunity to further refine the tradeoff between convergence rate and computation per iteration.
- For a less informative complete data SAGE algorithm has a faster convergence rate, but the maximization
step could be harder to solve. We can use the more informative complete data to update the hardest M-step
for analytical tractability and the less informative complete data to update the parameter related to the
simplest M-step parameters in for faster convergence.
Example: Linear Gaussian Measurement

Let us consider the following model of estimating superimposed linear signals in Gaussian noise
y=af;+ - +ayf,+n=A0+n 1)

in which the full rank matrix A = [a1,...,a,] and n ~ N (0,X) with ¥ = diag {o}. Let us consider

for simplicity a quadratic penalty, subject to a symmetric nonnegative definite P, reads
L7
Po) = 59 PO
It is easy to see that the ML gives
O = (ATS 1A+ P) T ATS ly

Nevertheless, for large size of A, the above might be infeasible or at least costly. Let us see how such
issue can be handled using the EM and the SAGE algorithms.

First, it is worth mentioning that since the mean of Y is linear in 6, the conventional complete-data
for the EM algorithm for this problem is also linear in 8. Here, we restrict our attention to hidden-data
spaces X whose means are also linear in 6, and for which the conditional mean of Y given X* is linear

in X and Og. Considering a general index set S, the natural hidden-data space for 85 is

X% ~ N (B6s + BOs,C)

Y|X® =2z ~N(Gz + GOz, W)
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which is admissible provided the two normal distributions are independent. To be consistent with (81), it

is easy to see that Ag = GB, Ag =GB+ G and ¥ = W + GCG". Thus,
i 50 _ 1 50 (i
log f(X5|05,0%)) = ¢ + (BOs + BOY)TC* (XS — 5(BOs + B@Q))
Consequently, since X and Y are jointly Gaussian and using Bayes rule one obtains
XS—F {X5|y, 0@)} = By + BOY + CGTS \(y - A01)

Finally, the E-step reduces to

T
, _ - 1 _ 1186 P P 0
¢5(65,0") = (BOs + BOY)TC (XS — 5(BOs + BB(S))> R R

21691 |Pf P |6Y

and the M-step reduces to
05 = (Fys + P)"{(BTC™Y(X® - B8Y) — P,0Y)
=0 4 (Fys + P) AL (y — A0)) — (Fxs + P) '[P, P,]6"

in which Fys = BTC~'B.
From above it is easy to deduce the EM and the SAGE algorithms for (81).

EM: For the EM, the complete data space is naturally S = {1,2,...,p}, B = diag{ax}, C = %I@ >,
G=(1"®I)and B=G =W = 0. Consequently, Fys = pdiag {a,X'a;} is diagonal. Then,
the M-step will be feasible if P is diagonal, otherwise the use of the EM is useless since we did not
overcome the problem of large matrix inversion induced by the ML.

SAGE: Because of the additive form of the data model in (81) it is natural to update each parameter
;. individually, i.e., S* = {k}. And surprisingly (or not) this will remove the issue of the inversion due
to the ML (for all P) and the EM (for non diagonal P). Also, it is of interest to associate all of the
noise covariance with the signal vector ay, (see the discussion in Appendix C of Fessler and Hero 1994).

Consequently, one has
X5" ~ N(apby, =)

Y = Xsk + Z a]ﬂj
J#k
inthiscase B=a;,, C=%,B=W =0,G=1,G=lay,...,a,-1,0141,.-.,,0,] and Fy qx = ay.
This leads naturally to the following algorithm

« Initialize: ¢ = y — A
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o fori=0,1,...,
k =1+ (imodulop), S = {k},

6" = 0" — ((af =7 ar + [Ples) ") (IP)k.0") — al 3¢)
e=e+ (00 —0"ay
0" =00, j=1,. k-1k+1,...p

Note that unlike the EM algorithm, the SAGE algorithm circumvents the need to invert P by performing

a sequential update, so a non-diagonal smoothness penalty P is entirely feasible.
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